C-arm fluoroscopy is ubiquitous in contemporary surgery, but it lacks the ability to accurately reconstruct three-dimensional ͑3D͒ information. A major obstacle in fluoroscopic reconstruction is discerning the pose of the x-ray image, in 3D space. Optical/magnetic trackers tend to be prohibitively expensive, intrusive and cumbersome in many applications. We present single-image-based fluoroscope tracking ͑FTRAC͒ with the use of an external radiographic fiducial consisting of a mathematically optimized set of ellipses, lines, and points. This is an improvement over contemporary fiducials, which use only points. The fiducial encodes six degrees of freedom in a single image by creating a unique view from any direction. A nonlinear optimizer can rapidly compute the pose of the fiducial using this image. The current embodiment has salient attributes: small dimensions ͑3 ϫ 3 ϫ 5 cm͒; need not be close to the anatomy of interest; and accurately segmentable. We tested the fiducial and the pose recovery method on synthetic data and also experimentally on a precisely machined mechanical phantom. Pose recovery in phantom experiments had an accuracy of 0.56 mm in translation and 0.33°in orientation. Object reconstruction had a mean error of 0.53 mm with 0.16 mm STD. The method offers accuracies similar to commercial tracking systems, and appears to be sufficiently robust for intraoperative quantitative C-arm fluoroscopy. Simulation experiments indicate that the size can be further reduced to 1 ϫ 1 ϫ 2 cm, with only a marginal drop in accuracy.
I. INTRODUCTION
C-arm fluoroscopy is the most widely used intraoperative imaging modality in general surgery ͑some of the prominent works being Refs. 1-8͒, but it presently lacks the ability for robust and easy quantitative guidance. 9 Quantitative fluoroscopy-guided surgery needs to solve four major problems: ͑1͒ C-arm image distortion; ͑2͒ the calibration of imaging parameters; ͑3͒ pose recovery or tracking; and ͑4͒ registration to imaging modalities. The first two are well-studied problems in the literature. 1, 3, 9 On the other hand, pose recovery on unencoded C-arm machines is a major technical problem that presently does not have a clinically practical solution in many areas of application. In this paper, we propose a solution to accurately estimate the pose by using a radioopaque fiducial. Moreover, it can also register the x-ray images to other imaging modalities.
The history of using radio-opaque fiducials to solve for the C-arm pose starts as early as 1987, 10 where 16 spherical beads in a known configuration were introduced in the region of interest. Theorems from projection geometry were used to reconstruct the C-arm pose, calibration parameters and target details. This was later followed by other bead-based fiducials 2,11-13 for solving both the problems of a C-arm pose and calibration ͑a small survey 14 ͒. The number of beads varied from 20 to 613, with the patient sometimes fitting inside them. Though the accuracies were acceptable ͑0.5− 1 mm͒, the fiducials tended to be ͑a͒ too large; ͑b͒ cumbersome to use in a clinical setting; ͑c͒ interfering with the anatomy in the image; and ͑d͒ nontrivial to segment. A smaller and wellencoded fiducial can solve these problems efficiently.
Off-the-shelf tracking devices, as they became available, were a natural choice to simplify the problem. In current commercial C-arm fluoroscopy surgical navigation systems, the x-ray detector is localized in room coordinates by some auxiliary optical tracker 15, 16 or electromagnetic ͑EM͒ tracker. 17 Unfortunately, auxiliary trackers sometimes become impractical for various reasons. They are expensive and add to the complexity of the operating room since they require an additional calibration step. Optical trackers require a line of sight, which becomes cumbersome in a clinical setting and requires an alteration in the standard workflow. The EM trackers can successfully overcome this issue, but become susceptible to field distortion from metal objects like surgical tools or the C arm itself, compromising on accuracy. This has lead some recent researchers to prefer fiducial-based tracking. In a recent publication, 18 the authors delineate the above problems and also say that using optical trackers reduces the useful imaging volume of the fluoroscope and potentially compromises the achievable accuracies. Despite using an optical tracker to track their surgical tools, they explicitly choose to not track the C arm using the tracker but instead use a radio-opaque fiducial. Their system has been fairly successful for various surgeries and has been in clinical use for the last four years. Similar preferences can be observed in other recent publications as well. 3, [19] [20] [21] [22] To make the fiducials feasible, recent publications have reported smaller fiducials by compact bead placement. It should be noted that this increase in clinical friendliness by decreasing the size was achieved at the cost of a decrease in accuracy. The typical number of beads were reported to be between 6-28, [18] [19] [20] [21] [22] achieving translation accuracies ranging from 1 -3 mm and orientation accuracies around 1°-2°. The variation in accuracies is governed by both bead configuration 19 and implementation 20 choices. Increasing the number of beads greater than 6 provides little improvement in the accuracy. 19 Moreover, nonlinear optimization fares far superior when compared to linear methods. 20, 23 Thus, from recent publications, it seems that a 1 mm error in translation and 1°error in rotation is probably the best that bead-based fiducials can achieve. The reason for this is that accurate segmentation of beads in the x-ray image is nontrivial. A 2 mm diameter radio-opaque bead would project as an ellipse with a 12 pixel long axis. The center of the ellipse does not necessarily correspond to the center of bead, contributing at least 1 -2 pixel segmentation error. Moreover, a further decrease in fiducial size would greatly compromise the accuracy. 24 Methods to accommodate for and decrease the effect of such systematic biases 25 are studied by the computer vision community during their camera calibration procedures. Unfortunately, the improvement is not substantial. Moreover, point-based registration methods are known to be sensitive to segmentation errors. 24 Thus a totally new approach toward fiducial design will be required. Moreover, automatic segmentation and establishing correspondences between the fiducial beads and their projections in the image is itself a nontrivial task for arbitrary positions of the fiducial. In a synergistic problem, the end effector of a surgical robot was registered to a C arm using line fiducials 3 mounted on the robot's tool holder. The idea was to register the x-ray image to a robot, in order to locate the target anatomy in the coordinate frame of the surgical robot. Although their helical fiducial did not allow for sufficiently accurate and robust pose recovery, it was an important effort that inspired our work. Our present contribution to the state of the art is the development of a novel fiducial system and its mathematical framework. The fiducial uses ellipses and straight lines in addition to points. It offers a decrease in size, an enhancement in accuracy and robustness in C-arm pose recovery, allowing for precise object reconstruction. Some preliminary studies have been published earlier, 21, 26 while we present the complete mathematical framework, results and analysis in this paper.
II. MATERIALS AND METHODS
Our solution to image-based pose recovery is to mount a stationary fiducial in the field of the C-arm fluoroscope. The fiducial, by design, encodes six degrees of freedom ͑DOF͒ from a single image by creating a unique view from any direction. The accuracy and robustness of pose recovery would critically depend on the design and precise manufacturing of the fiducial. Software was created for segmentation of the fiducial and for numerical optimization that determines the six-DOF transformation between the coordinate frames of the C arm and the fiducial.
A. Fiducial design and manufacturing
For practical viability the fiducial should ͑a͒ be nonintrusive with small dimensions; ͑b͒ not corrupt image quality; ͑c͒ not necessarily be close to the anatomy of interest; ͑d͒ be easily/accurately segmentable from x-ray images; and ͑e͒ have software that is robust, fast, and simple to use.
Choice of fiducial features
Geometric aspects of x-ray imaging are modeled using the perspective projection model ͑Sec. II B͒, under which we can limit the choice of features to well-behaved features like points, straight lines, ellipses, parabolas, helixes, and other curves. Different features exhibit varying segmentation accuracies, each combination thus producing a fiducial with different characteristics. Segmentation is crucial, since it directly relates to achievable pose estimation accuracy. Image processing algorithms can more accurately segment constrained ͑parametric͒ curves when compared to unconstrained curves, usually to a subpixel precision.
Projected point features have a high segmentation error 25 ͑ϳ1 -2 pixel͒ but make the pose estimation problem very well constrained. 27 Straight lines are not as well constrained as points, but offer superior segmentation accuracies to points. Linear methods are available for both features, [28] [29] [30] but it should be noted that due to an inability to incorporate all the rotation constraints, linear methods have been shown to not fare as well as nonlinear methods. 20, 23 A helix is a parametric curve that projects as a nonparametric curve with nondifferentiable segments, leading to inaccurate segmentation, which makes pose estimation prone to errors. 3 Alternatively, ellipses, parabolas, and hyperbolas are conics that will always project as another member of the same family. The proof of this is self-explanatory from Fig. 1 . Moreover, since the mean direction of the x-ray beam is near-orthogonal to the image plane, we can, without loss of generality, assume that the projection of all conics would be an ellipse on the image plane. Parabolas and hyperbolas would project as open ellipses, making segmentation prone to error. In comparison, a 3D ellipse will project as a closed ellipse in the image, making it an ideal candidate feature. 31, 32 A 3D circle is a special case of the ellipse. [33] [34] [35] It should be noted here that even though ellipses are easy to segment, exact linear techniques for pose estimation from ellipses are not available. 36, 37 Some authors have attempted to linearize pose estimation using an ellipse, 29 but not with high accuracy. Thus we choose a combination of ellipses, straight lines, and points as our primary features, balancing between accuracy and convergence. Ellipses make the algorithm more accurate, points make it more robust, and lines will achieve a bit of both.
Necessary and sufficient feature combinations
A combination of the above features can be used for pose estimation. The number and placement of the features will decide the robustness of the fiducial. It can be shown geometrically that the correspondence of at least three points is required for determining the pose of the fiducial uniquely. Using the point-line duality, we can also conclude that a minimum of three straight lines ͑not line segments but infinite lines͒ is necessary to find the pose uniquely. A single 3D circle limits the pose to four discrete symmetric choices, along with an indeterminable rotation along the normal axis. An ellipse is able to limit this to only 16 discrete positions. Thus, an ellipse/circle along with a point, can uniquely encode the pose of the fiducial. Open curves like the helix, parabola, and hyperbola can limit the pose to just two discrete rotations.
Note that these are purely theoretical considerations and using the bare minimum number of features will result in a loss of accuracy. Inaccuracies in the imaging model coupled with image quantization errors, would make slight variations from the actual pose produce nearly identical images. In other terms, the Jacobian for image formation loses rank and becomes singular. Singular matrices are undesirable because they cannot be inverted, and indicate that the system has become degenerate. Each feature has blind spots, near which the Jacobian would be singular. Near-singular matrices are theoretically invertible but numerically unstable, resulting in large errors during matrix inversion. For example, the ellipse projects as a straight line in its own plane, and hence the Jacobian would be ill conditioned ͑near-singular͒ when the actual pose is in the vicinity of this blind spot. Thus, the placement of all the features should be such that a singularity from one feature is cancelled by a good Jacobian from another. This suggests that a highly redundant structure is needed to accommodate a sufficient range of projection angles and compensate for inevitable calibration and image processing errors.
Our first motivating application is prostate brachytherapy ͑Sec. IV͒, where the fluoroscope has a limited view within a 25°cone around the AP axis. To tackle blind spot singularity, we choose to arrange two noncoplanar ellipses 60°from each other ͑Fig. 2͒. When one ellipse projects with high eccentricity, the other ellipse projects as a circle, forcing at least one ellipse to encode strongly in any direction. We added three line segments as features, further utilizing the endpoints of the segments as six point features. To make it nonsymmetric, three additional points were added at known distances along the lines. Thus, one segment has four points, another has three, while the third has just two. This fact is also used to distinguish between the ellipses, which otherwise have the same dimensions. These features constitute our fiducial, which henceforth we shall refer to as the fluoroscope track- ing ͑FTRAC͒ fiducial. The features are placed carefully so that the projection of radioactive seeds in the prostate does not overlap with that of the fiducial, even when they are beside each other. All the features of this fiducial are mounted on the surface of a hollow cylinder, which remains stationary. The diameter of the cylinder is 3 cm. Thus, all the features fit inside a 3 ϫ 3 ϫ 5 cm volume.
Manufacturing
The design for the fiducial was refined by generating multiple rough prototypes from ABS ͑acrylonitrile butadiene styrene͒ using an FDM ͑fused deposition modeling͒ rapid prototype machine. The final fiducial design was then fabricated from a acetol rod using a four-axis CNC ͑computer numerical control͒ mill, with the grooves of the fiducial geometry machined into its surface to press fit 0.5 mm stainless steel wires and 2 mm stainless steel beads. The cylinder was press fit into a custom acetol mount that provided three mutually orthogonal sets of mounting holes for attaching to an accurate rotary table for validation.
B. Pose recovery mathematics

C-arm imaging
Geometric aspects of fluoroscopic imaging can be modeled as a perspective transformation with five parametersfocal length, image origin, and pixel size ͑Fig. 3͒. The transformation formula is given in Eqs. ͑1͒ and ͑2͒; where F F , F X , F I are the coordinate frames of the fiducial, x-ray source, and the image, respectively; P is a 3D point; P F are the homogenous coordinates of P in F F ; p is the projection of P on the image plane; p I are the homogenous coordinates ͑in pixels͒ of p in frame F I ; X F F is the 4 ϫ 4 rigid transformation matrix that transforms a point in F F to F X ; I F X is the 3 ϫ 4 perspective projection matrix; f is the focal length; O = ͑o x , o y ͒ is the projection of the x-ray source on the image plane ͑later referred to as the origin͒; s x and s y are the pixel sizes along the X and Y axes of the image, 
Assuming that the C arm is calibrated ͑ I F X is known͒, the problem remains to estimate the pose of the fiducial ͑ X F F ͒, given the image.
X F F consists of six independent parameters-T 1 , T 2 , T 3 are the translation parameters, while 1 , 2 , 3 are the three Euler rotation angles along the x, y, and z axes ͓which determine r ij in Eq. ͑2͒ uniquely͔.
In this framework, the exact solution is rendered nonlinear and we use the iterative Newton's optimization method to solve it. We segment the fiducial from the image, solve the correspondence problem using the nonsymmetry of the design, and then feed this to the optimizer. The optimizer as a first step computes an expected image location of the fiducial. It also computes a Euclidean-distance-based multidimensional error function. It is assumed that at the correct pose, this error is zero. A closed form of the Jacobian is provided, to ensure quick and accurate convergence.
Error formulas for points, lines, and ellipse
The multidimensional error vector measures the Euclidian distance ͑in the image͒ between the segmentation of the observed projection of the fiducial, and that of the current projection. A segmentation algorithm for the current image is not needed since the position of any feature in the current image is computed directly using its 3D location on the fiducial. The distance from each feature in the current projection, to its corresponding counterpart in the observed image, constitutes one element in the vector. When all features match perfectly, each element in the vector is zero.
The Euclidian distance for corresponding point features is the difference in their image coordinates.
. p i is a function of the six parameters ͑ 1 , 2 , 3 , T 1 , T 2 , T 3 ͒, which we shall refer to by a rotation matrix R and a translation vector T. Let ͑x i , ȳ i ͒ be the coordinates of the observed point p i in the image. Since each iteration of the method has its own rotation and translation parameters, we shall refer to them by their iteration number k as, R k and T k , with R 0 and T 0 being the initial estimate. ␦ is the error function. Under this notation, the current estimate of the distance function for points can be written as Note that the L 2 norm of these two values is the exact Euclidian distance between the two points, and that the optimizer minimizes the L 2 norm of the vector.
There is no notion of the Euclidian distance between two straight lines. Thus, we select a point on one straight line and measure the distance of this point from the other straight line. Any two points uniquely determine a line, and hence they can be sufficient to measure the distance between the straight lines. If the equation of a straight line in the image is Ax + By + C = 0, then the distance of ͑x i , y i ͒ from the line is
.
͑5͒
Any two points on the line segment can be used, but we use the endpoints for robustness. A similar technique can be used for an ellipse, but no simple closed-form formula exists for the Euclidian distance of a generic point from an ellipse. In fact, this distance is one of the solutions to a fourth degree polynomial, 38 from which the minimum distance solution has to be chosen. We derive an approximation that works well when the point is not too far away from the ellipse. The general equation of an ellipse ͑conic͒ is P T MP =0,
which can be rotated, translated, and scaled to give
where a , b are the length of the major and minor axes. P T MP is a good distance metric since it is rotation and translation invariant. Unfortunately, it is a nonlinear metric but can be scaled near the ellipse boundary to give an approximate Euclidian distance. Using Eq. ͑7͒, the scale factor after some first-order approximations turns out to be
The final distance function from any point to the ellipse is shown in Eq. ͑8͒. Theoretically, a minimum of 5 points are required to localize an ellipse exactly, though we use 12 for robustness,
Jacobian calculation
The error/distance metric is a 48-dimensional vector ͑18 from 9 points, 6 from 3 lines, and 24 from 2 ellipses͒, the zero value of which is computed using the Newton's method. To quickly find this global minimum is a practical challenge. Exact knowledge of the closed form Jacobian of this vector makes a significant improvement in speed and accuracy. The Jacobian is a matrix of size 48ϫ 6, and of the form ‫␦ץ‬ i / ‫ץ‬P j , where i =1¯48, j =1¯6; and P j representing the ͑six͒ pose parameters. We first compute the building blocks ‫ץ‬x i / ‫ץ‬P j and ‫ץ‬y i / ‫ץ‬P j , for later use in the Jacobian computation. From Eqs. ͑1͒ and ͑2͒, we derive
From here, straightforward manipulations lead to the transnational Jacobian,
To obtain the rotational Jacobian, we first estimate ‫ץ‬P i m / ‫ץ‬ j , which we use to estimate ‫ץ‬P i / ‫ץ‬ j , which will give us ‫ץ‬x i / ‫ץ‬ j and ‫ץ‬y i / ‫ץ‬ j . Here P i is treated as a vector in space ‫ץ‬P i m / ‫ץ‬ j can be obtained geometrically as a cross-product, as illustrated in Fig. 4,   FIG. 4 . The derivative of a point vector P with respect to a direction n is given by the cross-product of n and P.
‫ץ‬P i m / ‫ץ‬ j is defined in F F . It needs to be rotated to change it to frame F X ,
From Eq. ͑9͒, ‫ץ‬x i / ‫ץ‬ j and ‫ץ‬y i / ‫ץ‬ j can be derived as
͑13͒
Using Eqs. ͑3͒-͑5͒, ͑8͒, ͑10͒, ͑12͒, and ͑13͒, we can derive the Jacobian for the point, line, and ellipse features as
System of equations and update formula
Thus, for each feature distance, a first-order approximation can be written as
which can be rewritten as
where J is the Jacobian, P are the six parameters, and ␦ is the multidimensional error function. The method proceeds by computing new estimates for R and T, and iterates until ␦ becomes acceptably small. The new estimates for P are obtained by inverting Eq. ͑16͒. Given the current estimate R k and T k , and corrections ⌬T k and ⌬ k , the new estimates R k+1 and T k+1 can be computed as follows:
The third update formula is most robust, while the first two are not stable, as they are extremely sensitive to numerical errors. It is also important that the order of ⌬ 1 , ⌬ 2 , and ⌬ 3 should not be changed while generating ⌬R k . Alternately, some other representation for the rotation matrix can also be used.
Least-square robustness
The fiducial rotation is measured in radian while translation is measured in mm, giving rise to numerical instabilities during the inversion of the Jacobian in Eq. ͑16͒. The inversion process can further worsen if the Jacobian is close to singularity. Besides, the assignment of different weights to different features may be desired, since within the region of interest some features will be statistically more robust than others. These problems are solved by using parameter and task variable scaling, 39, 40 
H scales the parameter space without changing the leastsquares solution, since H can be chosen to make JH better conditioned than J. The H matrix can be constructed by using the parameter covariance matrix, for which we need an initial estimate of the solution and the standard deviation of each parameter. Column scaling 41 is another popular method when no a priori information is available. Unfortunately, this can have a problem if the parameters are poorly identifiable 42 in some poses. This is solved using the external scaling method, which does a column scaling on the most conservative estimates ͑the worst possible Jacobians͒. We ran 50 000 pose simulations to determine our H matrix using this method.
The G matrix is used for task variable ͑␦͒ scaling, which can be computed by the Gauss-Markov estimate by using a good estimate of the covariance matrix of the error function. In the absence of this matrix, another statistical approximation is to use a diagonal matrix, with each entry being the reciprocal of the standard deviation of that error element. This would make the L 2 norm a reasonable measure of the size of the least square error vector. We computed our G matrix using data from the same 50 000 pose simulations that we ran earlier.
Final optimization
The above framework was implemented using Newton's nonlinear optimization. We noticed that the optimization always converged in less than 25 iterations. The exit condition was defined as 50 iterations or a plateau in the error curve, whichever came later. We also incorporated some basic checks on the final answer to remove any mirror solutions. Other extraneous solutions can also act as a local minimum, in which case the initial estimate is perturbed a little to yield the correct convergence. A robust pose recovery algorithm was developed, by building on this optimization.
Robust pose recovery algorithm
To make the pose recovery more robust, we have designed a two-phase pose recovery algorithm. The basic pose recovery algorithm is outlined in Fig. 5 . Like all optimizations, this one is prone to fall into a local minima, from which it may not be able to recuperate. This is resolved by running the algorithm multiple times from various initial estimates for the pose. This approach is able to reduce the probability of failure exponentially. In a loose sense, if p͑ϳ0.3͒ is the probability of failure in any given iteration, then the probability of success after N independent runs is 1− p N , which is sufficiently close to guaranteed success. Moreover, to make pose recovery more accurate, we use the observation that point features, though inaccurate, converge more reliably ͑see Table I͒ . Thus, the basic algorithm runs 25 times using only the point features, from which we obtain a very good guess for the final pose. This is used as the initial estimate and now the basic algorithm runs another 25 times using all features. Though the number of iterations can be cut to one-fifth without compromising on the convergence, the extremely fast run time allows us to add a safety bracket by increasing the number of iterations. Figure 6 outlines the algorithm. This robust algorithm ran for tens of thousands of poses ͑spanning the complete workspace͒ without failure.
Segmentation
Additional constraints on their coordinates make a segmentation of parametric curves ͑straight lines, ellipses, etc.͒ more accurate than points. Since automatic segmentation of parametric curves is not the research contribution of this work, we do not produce specific numerical results that would sidetrack the main theme of the paper. Instead we refer the readers to the extensive literature already available in the computer vision and image processing community, where ellipse segmentation is a field in itself. 33, [43] [44] [45] The parametric constraints can help segment the whole curve with high accuracy, even when most of the curve is occluded and only a small part is visible/segmented. 43 This makes pose estimation efficient. Moreover, the compact design of the fiducial decreases the likelihood of occlusion. We have developed and tested two methods of segmentation, both of which exhibit similar performances.
For many clinical applications, semiautomatic segmentation suffices. The operator clicks at a few points in the image that are close to the curves of interest. A minimum intensity centroid search in the neighborhood fine-tunes this location. Least square curve fitting is used to obtain the equation of the straight line and ellipse. Since the point features are known to be on the ͑extended͒ straight lines, their centroid positions are projected on the straight lines to get the final position. The semiautomatic MATLAB implementation takes about 10-15 s to process each image, which is acceptable for many applications.
Automatic segmentation of parametric curves is achieved by using the Hough transform, 33, 44 which searches in the parametric space. An edge image is created to search in the parametric space. Straight lines are segmented using the Hough transform, after which each line is fine-tuned by doing a search for minimum intensity points in a small neighborhood, followed by running a RANSAC-based least square fitting 43 on these points. The three strongest near-parallel straight lines are chosen. The ellipse is composed of five parameters, which renders the parametric search space huge. A decoupled approach is used where the Hough transform is used to estimate various possible axes of symmetry in the image. Selected intersecting orthogonal axes are possible candidates for an ellipse. A 2D Hough transform is used to find the best ellipse for each intersection pair, which is then fine-tuned. The two strongest ellipses are chosen. Our imple- 
III. RESULTS AND DISCUSSION
To measure sensitivity and robustness, the FTRAC fiducial was tested using simulated data and data that was obtained from real images of a precisely fabricated phantom. Finally, experiments measuring 3D fluoroscopic reconstruction of objects ͑C-arm tracked using the FTRAC fiducial͒ were conducted. The description and results for each experiment is followed immediately by the discussion.
A. Simulation studies
As a customary first step in the evaluation of fluoroscopic registration, simulations were conducted to evaluate the accuracy and robustness of the pose estimation software. Assuming an ideally calibrated fluoroscope, studies were conducted on synthetic images to analyse the effects of various governing parameters. MATLAB software was created to model x-ray imaging. Given C-arm parameters and fiducial pose, it generated a synthetic image and the exact location of each feature in the image. Appropriate noise was added to each imaging parameter, and its effect on pose recovery accuracy was observed. The error was modeled using a uniform and random probability density function, i.e., a 1 mm error means that a maximum error of magnitude 1 mm was added, with a uniform probability distribution. Based on our experience, the parameter values ͑for an average commercial C arm͒ were chosen to be 0.25 mm segmentation error, 1000± 2 mm focal length, 0.5 mm translation from the image center for the origin, and 0.5 mm± 1 m as the pixel size. The region of use was near the isocenter of the C arm, at about a distance of two-thirds the focal length from the x-ray source. With the above-mentioned error in the parameters, individual parameters were changed to understand the sensitivity of pose recovery. The simulations were carried out for randomly selected poses in the workspace. The initial guess was also chosen at random, far away from the actual pose.
Segmentation
Segmenting the projected fiducial from the x-ray images is one of the most important sources of error. The last step of our segmentation algorithm is to pick out multiple minimum intensity points and fit a least square curve. Since in the synthetic data we know the precise position of each feature in the image, we added a segmentation error to the simulated point position. The erroneous points were then fit on a least square curve. This shifted the recovered position of the fiducial, which was compared to the known actual location.
Most of the translation error ͑Table II͒ was found to be along the imaging direction, which is intuitive since small changes in depth do not change the image significantly. The translation error parallel to the image plane is low, which is also intuitive since any small movement in that plane is magnified in the image. This can also be derived mathematically from Eq. ͑10͒, where the depth derivative has a quadratic term in the denominator, while the other derivatives are linear. Note that this could be an important source of error in depth sensitive surgeries, but in most cases is acceptable, especially when 3D information is projected into the image for guidance. The rotation error, on the other hand, is similar for all axes. The net translation and rotational error ͑based on 10 000 simulated poses͒ is displayed as a graph in Fig. 7͑a͒ . Most image processing algorithms achieve 1 pixel ͑0.4 mm͒ segmentation accuracy for ellipses, which indicates a 0.8 mm translation and 0.1°rotation error. This appears to be acceptable for most procedures and is similar to commercial image guidance systems that use optical/EM trackers. Moreover, the graph suggests that the pose recovery error does not grow exponentially with an increase in segmentation error. It can be concluded that the FTRAC fiducial is fairly robust to segmentation errors.
Focal length
The focal length, usually calibrated using an accurately machined phantom, could vary as much as a few mm when the C arm changes pose. Thus, an error in the focal length estimate is very likely, which could possibly lead to an inaccurate pose. Figure 7͑b͒ ͑based on 20 000 simulated poses͒ shows the pose recovery error as a function of focal length calibration error. Orientation is always recovered with under 0.1°error, while translation error is nearly linear. Even a 5 mm error in focal length leads to under a 2 mm pose recovery error, with the largest component being in the imaging direction. We conclude that the orientation of the FTRAC fiducial is robust to focal length errors, while translation is a little sensitive. 
Origin
The origin of the image, also calibrated using an accurately machined phantom, would change location with varying C-arm poses. Any error in the origin estimate could lead to a consistent shift in that particular direction. Figure 7͑c͒ ͑based on 20 000 simulated poses͒ shows the rotational and translational sensitivity to the magnitude of error in origin estimation. Both translation and orientation errors are linear, though orientation is more robust. A 5 mm origin error leads to under a 2 mm translation error and 0.2°orientation error, with the largest component being parallel to the imaging direction. We conclude that the FTRAC fiducial is robust to origin estimation errors.
Pixel size
The pixel size along the x and y axes of the image does not change with fluoroscope movements and stays constant throughout the life of the fluoroscope. Hence a one-time calibration can provide very accurate estimates that can be used repeatedly, though any inaccuracies could have strong effects in fluoroscopic reconstruction. An error as small as 10 m could lead to a 5 mm shift near the boundary of the image. Figure 7͑d͒ ͑based on 20 000 simulated poses͒ shows the sensitivity to this parameter. Both translation and orientation errors grow linearly, with most of the translation error being parallel to the image and orientation error less than 0.5°. We conclude that pose recovery orientation is robust to errors in pixel size, while translation is sensitive but linear.
Fiducial size
In the design of the FTRAC fiducial, the size of the features can influence the accuracy of the algorithm to some extent. A large fiducial tends to be more stable than a smaller one, and thus the size should be chosen depending on the work space constraints of the clinical application. We studied the pose recovery sensitivity by scaling the size ͑diameter and length͒, but without altering the relative configuration. Figure 7͑e͒ ͑based on 8000 simulated poses͒ shows the translation and rotation errors as a function of size. It can be concluded that the curve practically plateaus at 30 mm, with a bigger fiducial exhibiting no improvement in accuracy. Moreover, a fiducial of 1 ϫ 1 ϫ 2 cm size appears to be practical for most applications, with only a marginal drop in accuracy.
Region of interest
The region of use of the fiducial also has a strong effect on the accuracies obtained. A fiducial closer to the source has a larger magnification, thus scaling any small errors and making the algorithm converge better. This is evident also from Eq. ͑10͒, where the denominator in the Jacobian is the depth of the fiducial. Figure 7͑f͒ ͑based on 6000 simulated poses͒ shows the pose recovery error as a function of the distance from the image plane, expressed as a percentage of the focal length. It can be concluded that orientation is independent of fiducial placement, while the translation error drops linearly in depth. FIG. 7 . Error in pose recovery as a function of ͑a͒ segmentation error; ͑b͒ focal length error; ͑c͒ origin error; ͑d͒ pixel size error; ͑e͒ fiducial size; ͑f͒ region of use.
Run time and convergence
The robust pose recovery algorithm always converged without failure. An unoptimized implementation using MATLAB 6.5.13, on a 2.4 GHz Intel P4 with 512 MB of RAM with a Windows 2000 OS, takes around 3.5 s to run ͑exclud-ing image transfer and processing time͒. This indicates that an optimized Cϩϩ implementation would perform near real time.
B. Pose recovery studies on phantom
A highly precise phantom was manufactured and real x-ray images were taken using a fluoroscope ͑Philips BV 3000͒. The system-supplied parameters were read from the DICOM header, otherwise the fluoroscope was not explicitly calibrated. Moreover, the images were not distortion corrected ͑distortion ഛ2 mm͒. The fiducial was mounted on a highly accurate 0.002°resolution rotational turntable ͑30000 Heavy Load Worm Gear Drive from Parker Automation, Irwin, Pennsylvania͒. The fluoroscope remains stationary while the fiducial moves in a known path, providing ground truth.
A fiducial mount was designed such that it produced zero translation and a known rotation when the turntable was rotated. The design supported the two independent rotation axes typical to C arms. Thus, given any starting pose, the relative motion between the current pose and the starting pose is known precisely from the turntable reading. The relative motion is also calculated using our algorithm ͑from computed current pose and the computed starting pose͒. The difference between the computed relative motion and known relative motion is the error. This setup was taken to the OR and five series of tests were carried out with different fiducial trajectories. The results are shown in Table III .
We recorded a mean accuracy of 0.56 mm for translation ͑STD 0.33 mm͒ and 0.33°for rotation ͑STD 0.21°͒, which appears to be acceptable for most surgeries. It can be argued that there may be a constant drift in the pose algorithm computation, which would not be captured by this experiment. All five trials have consistent results with the simulation experiments, indicating that a constant error drift is highly unlikely, which is further affirmed by the 3D reconstruction studies below.
C. Reconstruction studies on phantom
C-arm tracking is not an end in itself, but is a necessary link toward 3D object reconstruction using multiple x-ray images. The second set of phantom experiments involved taking x-ray images of a stationary object from different views, and reconstructing it in space. The FTRAC fiducial was kept stationary, while the C arm was moved and multiple images ͑20°around the AP axis͒ were taken. The 3D coordinates of the nine fiducial points were reconstructed using two to five images ͑the FTRAC fiducial tracked the C arm͒. The location of these points was known with respect to the fiducial by precise fabrication. The 3D reconstruction accuracy is the difference between the computed coordinates and the actual coordinates of the fiducial points. The points were reconstructed with a mean accuracy of 0.53 mm ͑STD 0.16 mm͒, which appears to be acceptable in most surgeries. A significant portion of the pose error is in the imaging direction, and hence in order to improve accuracy, the image separation should be increased, being orthogonal in the ideal case. Complete results are available in Table IV. Note that this reconstruction accuracy will also be a function of image warping and segmentation error. The FTRAC fiducial has also been successfully used to reconstruct phantom brachytherapy implants, 48 the performance of which is similar to that reported here.
D. Comparison to conventional fiducials
In Sec. I, we provided the reasons why there is a need for a small, yet accurate radio-opaque fiducial. In this section, we offer quantitative results indicating progress over previous work. When analyzing the basic pose recovery algorithm, simulation experiments from Sec. II show that though using only point features is most stable, it is also the least accurate ͑Table I͒. As reviewed in Sec. I, all previously proposed fiducials can be classified as bead-based fiducials ͑ex-cept one 3 that we shall compare with in the end͒. Moreover, even among these fiducials, increasing the number of beads to more than 6 has little improvement in accuracy. 19 For any given fiducial, various pose estimation algorithms can be designed, most of which fall into two categories-linear and nonlinear. Linear algorithms evaluate least-squares solutions to the pose problem, for which they typically linearize the rotation matrices. Though quick and easy to implement, the problem with this approach is that it neglects the rigid rotation constraints, leading to lower accuracies. Extensive results are available in the literature, 20, 23 where the accuracy of nonlinear methods is shown to be superior to linear methods. Thus, it should be sufficient to compare the performance of the FTRAC fiducial to a nonlinear pose estimation algorithm using six beads. To improve robustness of bead-based fiducials and to remove any biases that can arise due to a preferential configuration of the six beads, we compared the FTRAC fiducial to a nine-bead fiducial.
The predominant reason that the FTRAC fiducial offers better accuracies to other fiducials is that it relies on ellipses for evaluating the pose. Both for automatic and semiautomatic segmentation methods, achievable accuracies are dependent on multiple parameters like feature constraints, image resolution, x-ray wavelength, material used, choice of algorithm, etc. Thus, in the same image, different features provide different levels of accuracies. As reviewed in Sec. II, ellipses intrinsically offer better segmentation than beads. To quantitatively understand the improvement, we look at the residual errors from segmented datasets. The accuracy of each feature at the recovered pose is shown in Table V . It can be noticed that closed parametric curves ͑ellipses͒ segment with an overall accuracy of 0.13 mm, open parametric curves are a little more error prone with an accuracy of 0.19 mm, while points offer only 0.43 mm. The standard deviations values are stable at under one-eighth of a pixel ͑50 m͒. Thus, it seems that ellipse segmentation tends to be about three times more accurate than points.
We conducted simulations for over 7000 poses and compared the pose recovery results of a nine-bead fiducial to the FTRAC fiducial, keeping this disparity in mind. The results for translational and rotational pose recovery accuracies are available in Figs. 8͑a͒ and 8͑b͒, respectively. It can be noted that even with high amounts of segmentation error, the FTRAC fiducial exhibits only a marginal loss in accuracy. On the other hand, the errors for bead-based fiducials climbs steadily. This pattern is observed for both translation and rotation, where the error quickly climbs to the 1 mm and 1°m ark for the bead-based fiducials, while it remains consistently low for the FTRAC fiducial. This indicates that the FTRAC fiducial is not only more accurate, but also more robust when compared to conventional fiducials. We do not explicitly compare the FTRAC fiducial to the helical fiducial, 3 since the errors reported there are well over 1.5 mm in translation and 2°in rotation, while we obtain significantly superior results. Last, it should also be noted that the results obtained in Sec. III indicate a significant improvement to the previously published results ͑Sec. I͒.
IV. MOTIVATING APPLICATIONS
Though we have designed and tested the fiducial as a stand-alone piece of technology, we also intend to use it in a clinical application. The first use of this pose recovery technique will be in prostate brachytherapy, where C arms are ubiquitous, with over 60% of the practitioners using it in the operating room. 49 Unfortunately, it is used only for qualitative implant analysis and not for providing real-time intraoperative dosimetry. Thus, the ultimate goal will be to achieve registration between the seeds that are reconstructed from fluoroscopy and the soft tissue anatomy that is reconstructed from transrectal ultrasound ͑TRUS͒, which would allow us to make immediate provisions for any dose deviations from the intended plan. Several leading groups have published initial results favorably supporting C-arm fluoroscopy for intraoperative dosimetric analysis. [50] [51] [52] To achieve intraoperative dosimetry in prostate brachytherapy, we need to address the issues of ͑a͒ C-arm distortion correction and calibration; ͑b͒ C-arm pose tracking; ͑c͒ seed matching and reconstruction; and ͑d͒ registration of C-arm to TRUS images. The FTRAC fiducial is capable of addressing the issues of pose tracking and registration.
In a quick survey of registration, thin metal wire 53 inside a Foley catheter was used to visualize the prostatic urethra fluoroscopically in anterior-posterior and lateral projections. Recently, gold marker seeds 54 were implanted into the prostate and the relative positions of the needles and marker seeds were observed in fluoroscopy. Inserted implant needles 52 were used as fiducials for the registration of the fluoroscopy and ultrasound spaces. Unfortunately, implanted markers of any sort are susceptible to motion, and thus are not reliable. Alternately, radio-opaque spherical beads have been rigidly attached to the TRUS probe, 19 not only registering the TRUS to the x-ray images, but also addressing tracking. This process appears to require a permanent alteration to the probe, which for some practitioners might not be desirable.
Since in commercial brachytherapy systems the template is already registered to TRUS, the FTRAC fiducial will be attached to the implant template with a precision-machined mechanical connector in a known position. The spatial relationship between the FTRAC and TRUS is explained in Fig.  9 . Let P F be a point reconstructed in FTRAC space, P U be the same point in ultrasound space, F FT be the transformation between FTRAC and template, and F TU be the transformation between template and ultrasound. Then the relationship between P U and P F can be expressed as P U = F TU F FT P F . Let us examine how accurate P U is expected to be the accuracy of F FT is defined by the accuracy of CNC machining and is in the neighborhood of 0.25 mm. The accuracy of P F was found to be about 0.5 mm in our experiments. The accuracy of F TU is specific to the FDA-approved brachytherapy system ͑CMS Interplant͒ that we will be using, and it is about 1.0 mm. Thus, the overall accuracy of the whole system is expected to be under 2 mm and can be further reduced by an improvement in the template-to-TRUS registration method. Experiments to evaluate the accuracy of the complete system are currently underway.
The fiducial is of general use, but has been optimized for prostate brachytherapy. The ellipses ͑and other features͒ are inclined at an angle of 30°to the vertical. Even when the fiducial is kept close to the prostate and at varying heights, a 30°plane ͑to the vertical͒ divides the fiducial from the prostate ͑which contains the seeds͒. If the C-arm images are taken in any position inside the 30°cone around the AP axis, this design reduces the likelihood of overlap between the seed projections and the fiducial. As we have mentioned earlier, we will mount the FTRAC fiducial over the abdomen on the TRUS stepper, in a known calibrated pose relative to the template with the use of a precision-machined extender ͓Fig. 10͑a͔͒. The distance between the FTRAC fiducial and the prostate will be about 15 cm, in which range the pose recovery and object reconstruction stabilities are adequate. The fallback plan, 55 as shown in Fig. 10͑b͒ , is to place the fiducial on a rectal sheath that supports the prostate, while the TRUS probe can move unhindered inside the sheath. The technical difficulty in this case was a robust coupling between the TRUS probe and the sheath, at acceptable loss in image quality. However, an increase in insertion diameter is of concern. A third alternative is to put the patient on a foam board incorporating one or several FTRAC fiducials in known relative offset with respect to the TRUS stepper.
Apart from brachytherapy, another promising application is fluoroguided robot-assisted surgery, as done in the literature. 3 If mounted on the robot, the FTRAC fiducial can register the robot to the C-arm space, achieving virtual fluoroscopy. In general, surgical tool tracking under x-ray fluo- roscopy imaging can be achieved if the C arm is kept stationary, while the FTRAC fiducial is rigidly mounted on a surgical tool. Moreover, segmentation of the fiducial image and pose recovery have an inherent duality ͑i.e., knowing one directly relates to the other͒, which can further boost accuracy. The final pose can be used to improve segmentation, which, in turn, can enhance the pose. Iteratively doing this will not only improve accuracy, but also remove the need for an accurate segmentation. Alternately, an algorithm that does not optimize on the geometric error of the fiducial features, but optimizes directly on the intensity information, can be used. Both these techniques will eliminate the need for segmentation, while still achieving accurate pose recovery. The FTRAC fiducial can potentially also be used for both preoperative and intraoperative C-arm calibration. Additionally, the FTRAC fiducial can be instrumental in registering x-ray images to other imaging modalities. Thus, the FTRAC fiducial can facilitate a plurality of fluoroscopically guided procedures.
V. CONCLUSION AND OPEN QUESTIONS
A fiducial for robust and accurate C-arm tracking was designed, prototyped, computationally evaluated, and experimentally validated. The primary contribution of this work was the use of parametric curves ͑ellipses and straight lines͒, in addition to spherical beads that have been used conventionally. Point-based algorithms, though easy to implement, are sensitive to errors. On the other hand, parametric curves ͑a͒ segment accurately; ͑b͒ constrain pose recovery better; and ͑c͒ move pose recovery outside the framework of purely point-based methods. The proposed fiducial also addresses the issue of registration to other imaging modalities by precise placement.
Without distortion correction and extensive calibration, the FTRAC fiducial can track a C arm with a mean accuracy of 0.56 mm in translation ͑STD 0.33 mm͒ and 0.33°in rotation ͑STD 0.21°͒ and can reconstruct 3D coordinates to a mean accuracy of 0.53 mm ͑STD 0.16 mm͒. It not only promises to offer superior accuracies when compared to conventional fiducials, but also is significantly smaller in size ͑3 ϫ 3 ϫ 5 cm͒. The simulations suggest that the size of the FTRAC fiducial can be further reduced to 1 ϫ 1 ϫ 2 cm, maintaining a similar level of accuracy.
One of the open questions in quantitative fluoroscopy is the importance of distortion correction and C-arm calibration. Generally speaking, distortion is widely prevalent and necessitates a correction procedure. This assures accurate tracking and reconstruction. Since properties vary from one machine to another, the distortion on some fluoroscopes might be small, while on others it might be large. Moreover, some applications might be more robust to distortion effects than others. Depending on the application and the amount of distortion, researchers might choose to ͑a͒ correct for a unique distortion at every pose, ͑b͒ use a constant correction for all poses, or ͑c͒ completely neglect distortion. This decision has to be made on a case by case basis. The results in this paper are on uncorrected images. The reason for robustness of our results to C-arm distortion can be attributed to the low amounts of distortion in the fluoroscope ͑average Ͻ2 mm͒ and to the small physical size of the fiducial, which covers only a small area in the image. Since distortion correction is not the focus of this paper, we do not analyze its effects on reconstruction. The results and analysis are available elsewhere. 48 A similar issue arises for a calibration of the imaging parameters. Though it is believed that accurate calibration is a necessary prerequisite for quantitative fluoroscopy, our results indicate that it might not always be the case. Depending on the C arm used and the variation in the imaging parameters, inaccurate imaging parameters might still provide an accurate reconstruction of 3D information. These ideas can have desirable repercussions in a variety of clinical procedures, meriting further research. Though the FTRAC fiducial directly does not address these issues, it has provided the necessary intuition. We hope that these ideas, in collaboration with the FTRAC fiducial, will boost the clinical relevance and applicability of quantitative fluoroscopy on ordinary C arms.
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